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COUPLE OE UARIABIES ALBATOIRES DiSCRETES ET ANALYSE DE DONNEES

I) Couple de worichl®r .ofiatcirer Aiscretey .

Goent X e Y deww  U.A relles discrdtes

On appdd scouple (X,Y) 4'application de L —= R dedini  par
(x, NN = (X(w), V) ¥V we s T ol

X & Y vok dépini aume fe meme a@pate prolabilisg (a, €,?
(x , D) - f (o, 43) / (i, €Tx3]

D Llot d' un <ouple
Rof : On appel Jdov do (X,¥) 1A' eemble de> couples [('xi;tg‘n); Pfﬁ ol

Xi € x(0) ' emvamble. de soleurs do X

Yi ¢ y(n) 2 e Y b;; = P((X:zi)ﬂ (Y- .%D)
Lot conjpinke

Piy >0 e Z Pij= 1
S T-1C0C1r13] o 3=0C1,2»133
les Pi) sonk souvent donnés b G2 kadfeaw B dovble entrie

AN\ [4: - 4 g
xs i
: Pl — F«llg — a‘,b Piy= P((X=2) N (Y= D)
'L". Pig — Pij —— Pipx
l [
Ar Pr,1 _— Pr,;} Prl‘b

2) Lois _marginafes
o} : les war X &Y st oppaRi wariahles masginafe du sovple (X,Y)
s da do X ( respeckivemant Ao Y) ar appe Ao 4narquafe de X . ( respeckivemant daY)
Notation: Vi€ I PicPlx-= xﬂ:b%sf’(()(:z:) N Y= 4= _JZ“P;'3
YIETS  Py=POY= ) = S PU ) NV 4= = 05




Exemple: la lo conjointe oa (X ¥) oF donée par e LakReaw

Lot da X
J SRS
X\ 1 = ° . i X()=§ 12,343 waleors dak
) A A 4 4 _
Tlwow % ow |t YO = $14,2,3,42 wabowss do ¥
b 9 z’lﬂ_ 4!’6 -lag _:16_=il1- P(()(:ﬂf\(Y:'l)]-_—_ i‘_
A 1
[ IR A A s PUY=DO(Y-3)= 3
h o o o 4w A 1§
Lot 16 )
Y|— . a
* Ml s &t al
Def: 2 w.m X ek Y sonk indepandonter i
P[(X=%jn(v:—%\)= P[X:QL\-P(Y:JA\
=
Sait 4w fondkion da R*—= R defini mur 2 ensemble des wolewrs prise>  par (X,Y)
Soit 2= cau(,v\
2h= gl yy)
(o2 = Ullx=a)0 (Y=y3))
(3
1h=3['xi,xd]5
P(Z‘.:Zh\= (‘lE_I)P((Y': 'x.\)n(,\/:—té_“j\
2k= 9(ai,gi)
Can parhaliers:
@ z. x+y = q(x,Y) @ Si 2-x-Y-gq(¥, M
P[Z: Zh\: l%P(X':'X()(\(yz-%]wy P(Z:?_k\—_ %P(X:%bﬂ(‘l:)ﬂm
Ai+yj= 2k 2R= AiYy
A A 1
o du couple (X,Y) Tlw W ow® W
2 o = AT
& 16 16
i
3 (0] (6} % T
hl o O o &




Exemple: Z = x+Y =% Qokerminer Lo doi o
(ot dw covple (X,Y) 2= %X+Y
2(MD- 1 2,3,4.5,6,%33

N[ 1 2 3«
_;'6_ £ = 2L| 2 3 4 S & * 8
2 2 A ISR O I
O T 1 716 Plzea)| 2 2 32 2 & 4 4
] 6 6 16 g 16 16 16
E) O O -%- T
y
"l © O o Plz~9)= Plx+Y=5) = P((¥=IN(Y=)« Pk =2) A (y=3))

* PUX=1) N Y= D+PUx=3>0(¥=2))
— RoYerminer Ja. fo .da 2= XeY

2(= {1,2,3,4,6,8 9,12, 163 = Pl2:-1)= P(x=01n(Y= )
. “P((X=2)NY=2) «P((X=1)n (Y=1))
x\|qL3h68qlL|é =W a2l o3
[T T
Plzz2h)|[2r a1 2 2 2 3 4 u
6 16 ls 16 (6 16 g 16 1§

3) Lois  condikionne®es
Q_g.g_: Yok X wng w.a.f aur (0 ,€,P)
X fo lieT3

Soit B wn  evenement P(RY£0 , da Jdoi condiHonne®e de X »achant A
Pl s bed|s |0z =AY
PR

@ Y aF we v defive aur (0, €,P)

p( (x'-'-‘l.l\)—._ P((X:')t\\(\(y.___,(é*))
=9 P(Y-= Jas\)

Pij

P[Y: -y (X2 aed) =
Ka P

Plx=nY=3)) _ g _ 4
P(Y=23) 5116 &

Ply=gylX=" =



€sporane d' wne Sondhion de  dewux  V.K  discrébe.
X ()= f_uq,...,'x'|3 7 \/(_n-)f- iAb-l,.

Z=q(x,¥) g Jonckion quelcongus
E(2) = 25 glas, 430 P(Lx=6)n (Vo))

=1 )

-y _lé'b-s

RoppeR : (o> d' ure svike wariakle)
E(%(X)\_—_ ‘{-%(zﬂP(X:xk\

Exemple: g (x,¥) = X-¥

E(X-Y) = %xi Y3 p;,%

Prop: Si X e Y sonk dndependantes alors -
| ECX-Y) = ECVEM) |

Rasro :

or X ot Y .xont independardes PES—_ Pi. » Py

ca 2
ECX-Y)= g‘%‘*}l&ip;- iRy = ;§ % Pi. (;(-TJéBP'Q = E(X\ELV)
Remarque: Lo meciproque sk Fauddae.
Conkre - ex empled ;.
(X, ¥) coupfe de Joi sonjsinte
ELM = 24Py
\’ 0 0
X\ o 1 2 E(xY)z axA Lax A = *F
T 3 " 2
o|w % O |7 E(X)= Sifi. . 2
‘e 4 4 |uns o 10
1|6 W 6 |0 o EW=4 42 -5
<2 |2 20 %
3 72 % 1

EXN = EMNEND = F o pourtonl X e Y ne sont pad indepecdonte  sar:
2

P(lx=0)N (Y=2)) =0

P(X-0):P(Y=2D)=32__ 1 4
0 4§ 20



L.\ Covariance et Loefhicient de roccelakion  lingaices

% X e Y douse VA cliscestes -

On  oppee  covariarve do (X ,Y):

Cov (X,Y)= EClx-e(xD)(Y -ECY))

Progrioi—of;

cov (x,y)= E(XY) - ECX)ECY)

Ramo :  cov (X, Y) = E((X-EX) (Y-EY)
= E(XY-XE(Y) -EMY + EGNHENY)
= E(XY) - ENE(X)
Remarque:. 9i X o ¥ aont independantes  alors

Cov (X,V) =0

gog_ On .appeRe soefpicent  de rorceRakion lineaire entre X ok Y
\Q(X V) = cov(x,V)

= , 6x= JV) |, 6y= IV
Gx Oy
@ (x,Y) = CX-EW), YR > | e (6D xe
10X =EC-0Y -ECNN 1
Y-Ety)
®L(x, N1
»i 8=

= pay de cocrelabion
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TD1:
Ex1: X et VY douw .k Aq  VeX® %110 42
- A SIS RN PO
la Xoi de X @F donnée plfex) T 6 4 &
1) Dokerminor o Joi dut couple (x, V)
2) Qatemicor Lo, Agi o Y
3) Tadapandance
) Colewer Cov Cx, V)
\ .
@ XN\ © 1 u|leideX Y= {o,1,13
-1 |70 o g | 4 o).
71' 00 g, —»f 42 2 PUx=dn =%)) = 0 & i)
o " o 0| Plix=N (Y=i*) = Plx=r)
1 |°0 44/ o) 1 ;
2 los 1OL‘ Y74 n;: Cor (X:i\) < (\/:\L) = ANB = A
) C
ay te T $[ 1t e

@ n' apres le kableas ,Ja Mot marginaRe da Y et donné or

P( Y:o\-_"_ I'PI-Y: 1):_'4_ . P(Y: 11)_—_.1.
3 = |/ 3

(® Isdipendonce?
PUX=1IN (Y= 3N = P(x=-PCI= P

or P((X=0) N P(Y=1) =0 # PCx=0)* PCY=1) =
— X & Y n& sont par independanten.

x

o-l}

® covix,y)?
Cov(%,Y) = E(xY) - ECX)ECY)
ECxY) = Z o i PUx= ) A (Y= 4))
= Zs 0y Pi
On Joibr Ao mudk ix)  (voir iakluu)
= @

BUXY)z -8x A , +DxA 4 1 A . 8 x2 =
3 4 4 3



E(X = ,Z-XA Ply = )
Ex)-=

Al A,
6 Y +

=|s

mll\’
1}
(@)

v inubi® de coleuler ECY)

= Cov(x,¥Y)= 0O-0xEM =0

Ex2:. Soit a € RY

X &£Y 2 viA & wofeurs do N
kq PLOX=R) N(Y¥=3D= _2

) Doteconiner .o
) X o Y sonr eMer inddpendanter 7
2) Covlx, Y)
@ EPL,S =
by
= o
Ls 5 S . . X? ety
e L (§7>=1 Ropeal.- ZA\_‘- _j AT
= aeﬁfm=1 X1 w%I:e'
M (sene xaﬂ.om\
‘E‘_ x" - i 1X1 41 ) e feom Ao raison X.
1-x
) n
D oed F(4) -2
2 ho 2
= A A o
ae 2 ( 4_‘“_) 1
= ae =14
D =24
@ Lo .marginafe do X
YheN
PCX =R e ZPry = £ 4
e 30 C?'“l(;!!)
Plx= - A A A _ A a A ) 4
fx-h)-?zm Z}_—-?F?’— ST PLX= )= . ¥R eN

2k



Lot manv;ir\ufe da Y
Vi e
P(Y=)= 5 _4 = A.a,a B pf
l} k~a ezl.-u(a-!) e ;\_ 2 k=0 (z)

P(Y:b:\_— %‘_;4?, A P(‘I:p: fe_, -37 ¥ie N

p(x:k\’PCY:j\: A »

9
zhﬂ o

e A= Px=R)n(Y=4)

J .

=3 Kex ¥ »ont Lndopondantes
@ Tndepordanks —> Gulx,¥)=0

Ex3: n bdites numirotdsr o 4 & o

Lo doite .n°R contient h bouRer suumerchss do 4 & k.
On adisit .au Josard aune  hotte

X V.A : nuero da g boite

Vva: —— bouke

1) Noterminer Jta o mr\.&oiﬂk, Ao Cx,y)
2) Colensfer PIX=Y)
3 Qatorminer Ao Joi o Y ek ECY)

@ X(n)= ﬂ'.’(',!\-.ll
Y(ade TA;nd
PCOX=D) A (Y= = 0 2 4>
j S PN (=) = P (Y3 X )P x=3)
(Pranm - pCAIR) PLB)

Plx=)0 (v=3)) = Lra- 2



D (x=¥)- U ((x=3)ny=3)
7 |~
'mr.emPAl-iHe

evenamank
Pex=9) = ZP(Ux=)N(¥=)

Plx=y) - A Z 4

® loi doV
V")e Ca,nD
PLY={) = SP((X=1) N (Y=3))

P(Y:,S\: i_/‘_ — AT

SM
[>
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Mne urve rontient wne koule blanche o sune boule noife . les Aouler ofant indisernokle
ap doudur.  On 4y preeve une Jooule ; Chaque Hhoule cgant da unems proba d 'dtre
kirge . On _note ba poulenr ok on la rewek dn Alane ovec ¢ boufer de Ja .mm
coudoun, On copale  zedhe_ oframve |, on wrealise suindh  awne auceion AL n trage (n32)
Sotk X Ja VA ix:; L i on obtient wne doule lanthe  am *ikrage
Xiz 0o »inon

2o = Sk
O0akuminer da Aei di couple  (Xa,X.)
En deduice Lo Aot do X
2) Qokermnes Lo doi Mo 2a
3) &) Qurerminer 2p (20

D) Soit p &n-1, Dererminer P‘__r:(:gm:ﬂ ¥R € 2pla)

& My P(Xpra =)= 24 CECZH

2+p¢
l‘s K(‘ VP € T1,a1 , p(’(p:‘l\ = % = P(XP_-_-cﬂ

1) On comnak 4o Aot d2 X4 , X4 asdk Ao Jov Ar Qecnouwlli  D(4(2)

Ca» 4 (,i_;eﬁ'};

PLXaz DN (Ko=)

h

P(Xas'y Aa=a)P(Xazd) = D x4
24C z
XA(JL\; K-O,"l-n
X-J.(Jl\-: a-01'1]
Cor & (xva-)-_
PUxaz D0 (He=y))

h

P(xt-,-')/x,:;\ O %az2) = ( A+L>X 4
z

24¢
x&- 0 A Lo XA
A

0 Ax _A_ —A_
2(2+0) 2(24<) 7L

A A Atc A
2024 2(24¢) z

! A 1
Loi X2 - 2




D Zi: Xe4xa Zo (2= 00,2D

P(_L‘L:O\: P(,(\Aq: O\f\(\h.:o\\-.— AxC

2 (xc)
Pz 2 pllx«:ﬁ)f\(x",—_ ‘\\\1‘9“‘4:'\’{\(‘(1—_0\\ =f Are

24
Plz2-D= P((Xa =4\n &XL: 1\ A e
202+ Q)

3) a) ZP = EX1

2ela) = 7o, el

CYR (X]H“:"\ v k& ZP(/’L) Sadnagt” e
(2psk)\

(2p=h) ar slalisy:
precedu¥s  hiroaw  ( done an a comis Re
boutes dlandws) s (p- W) douRes noires ok S AE (dent on a rer € n-R)e boubs xim)

h Boulks hlonthtdr .ok dlé Meees o cours e P

Doac am kool A’ mne conkian 2+he + (p-hle = 2 +pe

Plpsa=1)- At he
[CY TN L4 P&

¢
KP41=1=_ Q(pr+4= 13(\(7.9;50)
P(XP-!-“ :1) = é P(f)(p-t1s4.\/](zp=b:)7
= £ Pl Kpea =1 Plzpz )
= = (AR \P(2p- R
tJPL

A
2tpe

(EPCzp-xc ShP(zp=r))= A (14 cElzp))
24 0C

) Yp e T4,07 P(Xez1 = %_ = @ (Xp=0
monkrons e oo uWkak gar  securfenie. ey P
St R(p) A prop P Xp= ) ji
R(1) , A () vraies (17 quertions)

Haop: supposens que.  R(1) , R(2), .
Plypsd = A C E<Zp)
24 pe

-, Rip) wraies

Of Blzp) = ECEZ XN = ZEM) = S 4 far ¥ien Bla)
= 2
E(2Zp) = £
t 2

P
P(Ypa-ﬂ: 'H'CE(ZP).: Arcz
2Lt PC

y;
24 P Z



Exo S -
X 2 ¥ 2 ViR indopondankes swivent Jo .mm Ao da artewilli
B(p (p € 20,70)

Oa g3 U= XY , V=X -Y
1) Quelte o o dov xoryditke da (VYT
2 Cahaeler  Cov(u,v)

2) U o V inddpendankes !

D Mta)= To,23 , V(= T-1;17 M= X+Y {)u MtV
z
. Vo ¥-Y V- M-V
. -
a\[ 1 o ALY e )n (va )

ol 94 of g%+

= Pz 43 ) (0 (Fa Azk)) o Plxs a2 ) P(Y. 4ok
1 (a0 o pq| 204 z = z >

el I LA I Lar X o Y zocd iedep.
(oi deV |gp 9% P | L

L) Roppal: Ja covariane of ane Jorme diaindai symobique o CANBRINESEIE

(zar o* b an produir salaice sur A'opace  stes  vuf)

Coulw, V)= Cov (XaY ,x-¥)
= CoV(X,X) - Covl ¥, ) + Cov( ¥,X) - Cov(V,Y)
=0 (aya)
Cov (M ,¥)= Con( ¥, XN~ ConlY,Y)
or Covlx,Y)= TLKY) - ECOEY)
S ovlX,x)= £€0x*) - 200 = VorldX)

None  Covly, V)= V(X)) -viY)= 0-0=0

%) Tndépl
PA=0) 0 (V=== 0 # P(U=02P(v=-1) = q%p

— po> dndep .
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N ¢ P/X) Poisson
Xa  wh:h b b Rient qui noisissent f cdisa a®l
) Lot qondivionee P %az b /N=n)= (DP“M—P\"’“
¥ odhdén (m ab S roisse)
X fun 7Bl e 2

2) Lo smarginalt ds  Xa
Ye () = N

VREN Plre oK = SPUxa=mININ=AY) 2 o PCYaek /Nn) P(N:)

= ﬁ(:)[okﬁ—p\“_he"‘ﬁ:
e ﬂl_
FL( 1’PY-'\ Z_A A'I

n?

= £
R (-

b oA e p-R A
= P e Z (1-P) A kapp.d.'. %&:

k‘ n=® l'\‘h“\- LSRN Y

_ AR E ™
K (el l'n-\':)l.

- Q'A(APY‘ *ﬁ (,\u-pﬂ:*
B -0 -é-"

[y
- (ap) Q)P
R A}

_ A AR

honl- X4 ‘P(RP\: 'P(.?,\-» , Poisson



a € Jojac ok b€ 10+l
¥ ¢ Y 2 va donkt Lo Asi cogjointe @ deanie .
{p"'i P DA () = Bt s, vi eN ,GeN

el lo | ol c;} PRSI

a H ¢

D Determiner  fon Lsi macginalr , wmri que ELX) ,VEX), €0, VD
D X o ¥ andepsndanie

3) Ok efmingr Jo Ao do 2 = X-Y

DY e 2 nonk el irdspencantes T

D Lot de X:
s 40 . o 3 2 PR
VTR \ VI 5 e I ; PCUX=:)N (X=4) = & b ed b (el ]7F
T ey
Peeai) et £ eyt
27 e
_ bile® il ¥ -4
'|\, —3'-"“';)3\.& (1-2)
o = S
= b;t.’ Z{pa&(‘]'“y—d—z _b.‘"_-b_ (a+‘l-a.3’i = ble®
4 W A
o Nonc Y»\ I ?(B)
5 E(x )= V(X)- b
Loi e Y.
' A T (o 1t +
V,bé“\[ ,P(Y:j"): “st l,‘e.\ba."(’l—l-) ! Q—ba_jr '2 Ll(‘f'o-)‘_}
FANPIRAY 3| T fagt
P (Y. q). Coas¥ 5 (bCa-aNTS
' o i O
_ b (abT pbl1
S
3
1 (akﬂ e_ab
P

*Y suit > plab)
2 £(x) = V(X)= ab



7) Independamee choa eboks. pmug day Yartos

Pl(x =o) 0 (Y=N= 0O

-ab

P(x20)(Y=1 = e 2 *"ab + O
3) 2= XY= g(x,¥)
2¢oN =N Cror X2Y)

|

VRE IV, P3RS PA=2ACYL)))
—ba(-h(d_adk

Pz-x)= £ b
Ci-w) A"

o 0_"9(4-00k g bai™®

pares

N Gi-W)!
e.-"’ (4—0»)'\ bk *Z"‘i (Bag)i_h
R N Gt 08!
N e—b (‘l'a)h Lk_o_“_b
- N
(b[,,,a))h‘ -bl4-a)
E < mnc

R

) Independante. Y ot 2 7

Ls_-\-\\ (’_—é

= a_.b'(q-A)k

PN

PH‘%\ Pl2-% - e"b(ef_\j);*e-uq-n (b04-

>=>X %Y re sont poa .dndepondanies .

j=1-k
4 -
2 PEx-D0(Y=i-R)

2 ? P(b(4-a))

INCXZ j1R)

a)) e-bbrh :

4! I

= Y ob 2 .penk_iadependanies

J
% (4‘a~)k = Pf(Y:j)h(Z;h))
A



113 Ana&,\m en  Compasonkes pcind pafes

1) Données o feurs  rarodristiques

a) kobleac _eledr .o\onnets

le»  observations dzgpuwarieks auwc @
makrice X A

A
X(a) Yo .. xrj) .. XUp) .
X= R N L ) n X[M
XP e b i ndivida
¢ [ %
(&%) y X )
t&;: (xll ’xi“h SN XI(P) e = X
Ot . .(ﬂ
Andivid  auwmero 4 Xi
. Xa &)
x4 . {”?“"
Xn®

b) Marice dan poidd

On wnode a thague indlividw un  pads  pi 30

P"
( o ..
D,- o o

Pa ) diq%enn&.

©ZPi = 4

0% Pi= A wi

n

S be 4z, zoe [0
n

¢) Cenyre _de ..Lv‘m/('kef

Le eckewr g Ao royews arithmétique ole Lhague. ~ariablie
Fq = (X0 &, XD

—

X P: S P P Aroyrnne a2 X{‘D

9 (2 robleaw _der Jdoanées cendréen et la matrice Yi

@) M T
Y“,: X:*—X“' Vd'—=4-——P 4 = 1—n

aadividis  sonk  feqloupas mur une
N ligne= ok o cofonned.

ot Un vafewr prise pac da wvoriedle

( proba oo akoisic tliodividi 1)

K o dipini gour
oun



d) Mabie do war- <ovariance ek smakrice. de  rcorreRakien

D@j: On appel mofrice de  wariane - Covariante , Ja. madrice
V- "YDY Yi matrice oles domiie geniteR>
e vixMY. 3o (¥l x9N

8 Syl = 55= (NP ecart hype



ASE S

16/ 06 (211
16 z O
X= [ 8 12 10 Pg:fg e
12 1% 1
20 8 1y MzTs (melriqm)
13 Y 10
(o} é 12
DX 42" %;:z = (12,8, 46) centre do gouts
é
XP o 4z g
6
7']) = LZX](',):E_: 10
2-\ Maliice dov _domees centvaer Y ) Makrice do Nar-Cov
v *YDY D- 2T
e P T 6
A= x¥ oX® o
b 3 3
y -6 -0 V=:‘6,Y\/= (_% o
Y: -4 y o 16 vy
(-} 3 Yy B 3
3 o o«
o i
-2 | -2
4) Qiagonalisabien da MV (M= T3)
MY =V
Pu(d) = dakb (v-2a1s) - ek N | S (]
3 3 3
X% £8 _ N L
3 B 2
=14 “u 68 _A

o

\\

s

\..‘é" \X‘u



C\ —2 Caq+ CatCy
4 -y 16/

= (32-Y) 1 63N hu/s
A WA 68/ o)

Pv(A) _ | 32-N -16/3 -16/3
32-N 633N hu/z
32 -2 L4/A €¢/3 -\

ELL — LL-L-\

L‘!,HL3*L1

PvlrAY = (32-A) | 4 -16/3  =16/3
o 18-A 20

o] 2.0 28-A
PalA) = (32-D((28-N° - 2% ) = (32-N(29-2-10) (28-A+ 20)
= (32-(8-D(48 -2

Ar =243 > Az 32223282 = wobburs ?ropm/clz\/

) (& Yo A inerkie

& 1Y ove : M = M -5y
A1+A1+A3 88

Ole 2°™ oxe : _AT - 32 _ 347
A1+l 423 g

= ;s =2 . 9L
atdatly BB

L' aaerkie portée  pof Lo _plon prnseal

Aa *Ae = —SG 2 "IO'/~
Av#Ar +A3 82

6) Fadreurs .?rindpoum
(e> -yad’eurs rincigoux sord (b wechouss  propres aRoci> own plus grandes

ole urs propred

Eus = Ker ( V’QSI'A\
Yu = (?;‘) EEus & (V- uzx,)(-f);_g

2



- 16 - 16 - -
& —_5-'& T.‘j___l.g_z_o th(—z_o g
_16 a2 Uyl o o _ g o
__5_-1_ | _3_.12_*_ .?z_._o 16 3¢ 16:4’(‘(‘7._0
"L_i—?c -+ l:-%—-lj —.136.2—-:0 -[61*"1(4\%’—462:.0 @

®@-60 = "\LOJa +tl202 = 0 = =z

@»X:—Zg . M_

~
oo
1
-
|
I

Eug = Ve (:ll) Orotte  ecroriee 123 LS 6
( 3 2 3
AV 0 A S (3] by
0 3 = 3
l](I{)“ = \’ 2P+ (e 2 S 6 S A S 4
A.Lm: A _qfl .normé
3
€22 = Ker( Vv - 321,) —
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